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The purpose of this communication is to announce some slrfficient conditions on degrees and 
number of arcs to insure the existence of cycles and paths in directed graphs. We show that these 
results are the best possible. The proofs of the theorems can be found in [4]. 
We use standard terminology. For the sake of clarity, we repeat the most 
important definitions, otherwise see [3]. 
A digmph (directed graph) D is a pair (V(D), E(D)) where V(D) is a finite set 
of elements called vertices and E(D) c (V(D))* a set of ordered pairs (x, y) called 
arcs. 
A path is a digraph where V(D)={x,, . . . , xl} and. E(D)={(xi, Xi +*), 
1 s i s I - 1). If we add the arc (xi, x1) we obtain a cycle, in this case a cycle of 
length 1. 
An oriented graph is a digraph without cycles of length ‘2. 
A digraph D is strong if for any two vertices x, y, D contains a path from x to y 
and a path from y to x. 
The degree of a vertex x in the digraph D is the number of arcs starting or 
terminating at x, and it is denoted by d(x). First we have proved the following 
theorem which was conjectured in [l]_ 
Theorem 1. If a strong digraph D with n vertices has the property that for any two 
non-adjacent vertices x and y, d(x)+ d(y)>2n -2h + 1, with I s h G n - 1, then 
(i) D contains a cycle of length 1, with 1~ [(n - 1)/h] + 1. 
(ii) For h 2 2, D contains a path of 1eKgth [(n - l)/hl + [(n - 2)/hl. 
CO~OII~ 1. Let D be a strong digmph with n vertices atisfying d(x) 2 n - h + 1. for 
every vertex x, with 1 s h s n - 1. Then 
(i) D contains a cycle of length 1, with la [(n - l)/hl + 1. 
(ii) For h 2 2, D contains a path of leng:h [(n - l)/hl + [(n - 2)/hl. 
Theorem 1 and Icts corollary are the best possible in view of the following 
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digraph D(n, 4). (A similar digraph is described in [3] and in [2] where it is 
denoted by DJn, k)). 
This graph has n vertices where n =qh-r+l, OGrGq-1. Its vertex set 
consists of ‘the disjoint union of 4 sets Xi, 1 s i s q, r of which are of cardinality 
h - 1 and 4 - r of cardinality h, respectively, pllus one extra vertex z. The arcs of 
D( n, 4) axe all arcs of the form (x, y) with x E Xi, y E Xi, 1 G i <i G 4, and all arcs 
(x, z) and (2, x) with x E Xi, 1 G i G 4. This graph is strong, it satisfies d(x) 2 
n - k + 1 for every vertex x and the maximum length of a cycle is 4 + 1, the 
maximum length of a path is 24. Since for r G h - 1, we have [(n - 1)/h] = 4 and 
for rS h a- 2, [(n -. 1)/h) + [( n -2)/h] = 24, the bounds on the length of a cycle or 
a path in Theorem 1 cannot be improved. 
Theorem 1 generalizes the following result of [l]: 
CkoUary 2. If a digraph D, of order n, has the property that for any two 
non-adjacent vertices x and y d(x) + d(y) 2 2n - 2h - 1, with 0 c h < n, then D 
contains a ilath of length [n/h] - 1. 
In the case of oriented gruphs we have the following results. 
Theorem 2. If a strong oriented graph D with n vertices has the property that for 
any two nm-adjacent vertices x and y, d(x)+ d(y) 22n - 2h - 1, with 1 <h G 
n-l, then 
(i) D contains a cycle of length 1 with P a [(n - l)/hl + 1. 
(ii) For h 32, D contains a path of length [(n - 1)/h] + [(n -2)/h]. 
ti#~Iky 3. Let D be a strong oriented graph with n vertices atisfying d(x) > n - h 
for every vertex x, with 1 G h < n - 1. Then 
(i) D contains a cycle of length 1 with 1~ [(n - 1)/h] + 1. 
(ii) For ha2, D contains a path of length [(n- l)/hl+ [(n-2)/h]. 
Theorem 2 and its corollary are the best possible in view of the digraph R( n, 4) 
obtained from D(n, 4) by omitting the arcs (x, z j for x E Xi, 1~ i G 4 - 1, and the 
arcs (z, x) for x E X4. This digraph is a strong oriented graph which satisfies 
d(x) 3 n - h for every vertex x. For r< h - 1, the maximum length of a cycle in 
Wrt,y)isy+l=[(n-l)/h]+landforrs h - 2, the maximum length of a path is 
24 = r(rt - U/h1 + [W-2)lhl. 
Theorem 3. Let n and k be positive integers and let r be the least non-negative 
residue of n - 1 module k - 2. Let D be a strong oriented graph satisfying IE(D)I > 
clL(tt. k ) tvhere 
1 
9in,k)=2(k_2) [n*(k-3)+2n-k+l--r(k-2-r)]. 
They 0 conkns a cycle of length 12 k:. 
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Since the number of arcs of R(n, k - 2) is @(n, k) and R(n, k - 2) contains no 
cycle of length k, Theorem 3 is best possible. 
Corollary 4. Let n and 1 be positive integers with n 3 I+ 1 and let r be the least 
non-negative residue of n module 1. Let D be an oriented graph with more than 
f(n, 1) = [n2(1 - l)- r(l- r)]/21 arcs. Then D contains a path of length 1. 
Corollary 4 is the best possible in view of the induced subgraph of D( n + 1, I) 
obtained by removing the vertex z. This graph is denoted by D,(n, I) in [2]. It has 
f( n, I) arcs and no path of length 1. 
Concerning the number of arcs sufficient to insure the existence of a path of a 
given length in a strong oriented graph, we have the following conjecture. 
Conjecture. Let D be a strong oriented graph with n vertices and 2 an integer, 
1 s n - 1. Then D contains a path of length I in each of the following cases 
(1) ns21-2 and IE(D)I>$n(n-I)-3(n-1). 
(2) ns21-2, 1=2k-2 and IE(D)(>@‘(n, k), where 
1 
@‘(& k, = 2(k _ 2) [n2(k-3)+4n-2k-r(k-2-r)] 
with n=(k-2)[x-r+2 and Osrsk-3. 
(3) ~321-2, /=2k-3 and 
(E(D)I>Q(n, k)=2(k1 ,)[n’(k-3)+2n-k+l-r(k-2-r)] - 
with n=(k-2)h-r+l and O<r<k-3. 
We have proved this conjecture for n ~21-2 and that, if this conjecture 
is true, it is the best possible. 
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